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Abstract
We study conformal properties of string theory which is exclusively based on extrinsic
curvature action. Our scope is to develop technical tools allowing to solve this nonlinear
two-dimensional conformal eld theory. We shall also present some classical solutions
useful for background method calculations.
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1 Introduction
A string model which is exclusively based on the concept of extrinsic curvature was sug-
gested in [1, 2]. It describes random surfaces embedded in D-dimensional spacetime with
the following action










where m has dimension of mass, hab is the induced metric and K
i
ab is the second funda-
mental form (extrinsic curvature). In the above theory extrinsic curvature term alone
should be considered as fundamental action of the theory. There is no area term in the
action as it was in previous studies [3, 4, 5, 6]
The dependence on the extrinsic curvature in (1) has been also properly selected to
guarantee proportionality of the action to the length L / length. The last property
makes the theory very close to the Feynman path integral for point-like relativistic particle
because when the surface degenerates into a single world line the action (1) becomes




and the functional integral over surfaces naturally transforms into the Feynman path
integral for a point-like relativistic particle.
To illustrate these concepts let us consider a surface in a form of cylinder of the radius
R and of the length T as it is shown on Figure 1. We can easily compute the action: the
term Kiaa K
ib
b is equal to 1/R
2 and the action is equal to 2T + 2piR (the last term is a
contribution coming from the boundary of the cylinder). When the radius of the cylinder
R tends to zero, the cylinder shrinks to a world line of the length T , and the action
becomes proportional to the length of the degenerated surface T . It is remarkable that
in the same limit the area action S = 2piRT will tend to zero allowing "spikes" to grow
out of the surface. Actually exactly this argument was an initial motivation to introduce
an action which is proportional to the linear size of the surfaces.
In the recent article [7] the authors computed quantum fluctuations in this model and
demonstrated that at one-loop level the theory in nite. Our aim now is to further study
the symmetry properties of this model, specically its conformal properties. Our scope
is also to develop technical tools allowing to treat this nonlinear system exactly using
conformal symmetry. We shall also present some classical solutions useful for background
method calculations.















hhab∂b is a Laplace
operator and Kiaa K
ib
b = ((h)Xµ)




µ = ∂a∂bXµ − Γcab∂cXµ = ra∂bXµ, (4)
niµn
j
µ = δij, n
i
µ∂aXµ = 0, (5)
where niµ are D−2 normals and a, b = 1, 2; µ = 0, 1, 2, ..., D−1; i, j = 1, 2, ..., D−2.
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Figure 1: The cylinder of the the radius R and the length T .
2 Interaction of 2D-gravity with nonlinear conformal
matter
In this section I shall consider a model which has the same action (3) but now to be
interpreted as a functional of two independent eld variables Xµ and hab, that is, we shall
consider it as two-dimensional quantum gravity interacting with scalar elds Xµ. The
aim is to compute the energy momentum tensor of the scalar eld Xµ, to demonstrate
that it is traceless and that the interaction is conformally invariant. It is not obvious at
all that the last model is equivalent to the original one even at the classical level, and
as we shall see it is actually not, but this study will spot some common properties and
useful formulas.
To get classical equations and to construct world sheet energy-momentum tensor one

































and we can proceed computing the variation of the Laplace operator























































 hcd ∂dXµph hab δhab d2ζ. (12)




































where fa bg denotes a symmetric sum. It is easy to see that the energy-momentum
tensor is traceless
habTab = 0, (15)
thus we have interaction with conformaly invariant matter eld Xµ. The equation of
motion, in a given case the constraint equation, is
















 = 0. (17)
We can make all these formulas more transparent introducing the momentum operator
P µ




it has the property very similar to the constraint equation for the point like relativistic
particle
P µPµ = m
2 (19)







h P µ (h)Xµ. (20)
The equations now look like





rfaP µ rbgXµ − 1
2
hab h
cd rc P µ rdXµ = 0. (22)
One can check the covariant conservation of the energy momentum tensor














  4(h)Xµ = 0,
(23)
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the rst term on the r.h.s. is equal to zero on the mass shell (17) and the second one is












 = 0. (24)
Dening Gab = rfaP µ rbgXµ we shall get from (16) and (22)
DetGab = (h
cd rc P µ rdXµ)2 Dethab (25)












The last expression is not yet in terms of only X eld because P contains h eld in its
denition. Even at the classical level this model is not in an obvious way equivalent to
the original one where hab = ∂aXµ∂bXµ. We shall see this in a more transparent way
when we shall compare corresponding equations for both systems.
2.1 Conformal Gauge
We can x the conformal gauge hab = ρηab using reparametrization invariance of the











d2ζ P µ ∂2Xµ (27)







 = 0. (28)
















 ∂cXµ = 0. (29)
The Hamiltonian is








In the light cone coordinates ζ = ζ0  ζ1 the conformal gauge looks like:
























(T00 − T01) = 1
2
(∂0P
µ − ∂1P µ)1
2
(∂0X
µ − ∂1Xµ) = ∂−P µ∂−Xµ, (33)
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the trace is equal to the T+− component
T+− = T00 − T11 = 0. (34)
The conservation of the energy momentum tensor takes the form
∂−T++ = ∂+T−− = 0 (35)
and requires that its components are analytic T++ = T++(ζ
+) and anti-analytic T−− =
T−−(ζ−) functions. Thus our system has innite number of conserved charges. This







it is invariant under the transformations
ζ+ = f(~ζ+), ζ− = g(~ζ−) (37)
where f and g are arbitrary functions.
2.2 Solution of Classical Equations






 = 0 (38)
therefore the momentum P µ is a function of the form


























−)] 4Ω(ζ+, ζ−), (41)
where Ω(ζ+, ζ−) is another arbitrary function of ζ+ and ζ−. Thus the equation reduces
to the following one





−)] Ω(ζ+, ζ−), (42)
and Xµ is a sum of inhomogeneous and homogeneous solutions

















~ζ−)] Ω(~ζ+, ~ζ−)d~ζ+d~ζ− (44)
and XµL(ζ
+), XµR(ζ













~ζ−)] Ω(ζ+, ~ζ−)d~ζ− + _XµL(ζ
+)g, (45)









−)] Ω(~ζ+, ζ−)d~ζ+ + _XµR(ζ
−)g. (46)

























breaking the fact that T++ should be a function of ζ
+ and T−− should be a function of
ζ−, therefore we have to further require
_µL(ζ
+)µR(
~ζ−) = 0, _µR(ζ
−)µL(~ζ
+) = 0 (49)













verifying the fact they are indeed functions of only one light cone variable.
2.3 Quantization












d2ζP µ ∂2Xµ (52)
we can deduce the propagator
hP µ(k)Xν(−k)i = ηµν ipi
k2
, (53)
or in the coordinate form
< P µ(ζ)Xν(~ζ) >= −η
µν
2
ln(jζ − ~ζjµ) (54)
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= − ηµν [ln[(ζ− − ~ζ−)µ)] + ln[(ζ+ − ~ζ+)µ)]] (58)
























































= − ηµν [ln[(ζ− − ~ζ−)µ)] + ln[(ζ+ − ~ζ+)µ)]]. (59)
If we sum over Lorentz indices and then use the fact that there is no correlations between











































= − ηµν [ln[(ζ− − ~ζ−)µ)] + ln[(ζ+ − ~ζ+)µ)]]. (60)















































and we are left with the relations
< µR(ζ
−)XνR( ~ζ−) >= −ηµν ln[(ζ−− ~ζ−)µ)], < µL(ζ+)XνL( ~ζ+) >= −ηµν ln[(ζ+− ~ζ+)µ)]
(62)




















The contribution coming from the rst diagram can be computed by using the expressions




(ζ+ − ~ζ+)4 . (64)
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To compute the second term we have to know the contraction of two X 0s and also of two
0s, unfortunately these expressions are not available now because the second variation










and it is too complicated. Nevertheless there is a hope that conformal invariance of the
system may help to solve the last problem and to nd contribution of the second diagram.





(ζ+ − ~ζ+)4 , (66)
therefore the critical dimension crucially depends on the second yet unknown term. De-
spite the fact that this model is not equivalent to the original one it represents an inter-
esting example of nonlinear conformally invariant eld theory in two dimensions. In the
next section we shall return to the original model which contains many elements of the
above model.
3 The full system
As we have seen we can’t simply consider the action (3) as a functional of two indepen-
dent eld variables X and h without losing connection with the original system. In order
to consider them as independent variables and at the same time to have equivalent the-































µ − hab = 0, (68)
tab = Tab +
mp
h
λab = 0 (69)






where we have used the fact that habTab = 0. If we substitute the expression for λ from















where hab = ∂aX
µ∂bX

















We can x the conformal gauge hab = ρηab using reparametrization invariance to





















µ − ρηab = 0, ρTab + m λab = 0. (74)














where 2ρ = ∂aX
µ∂aXµ. Comparing these equations with the ones in the previous section
(see equations (28) and (29)) one can be convinced once again that these two systems are
not equivalent even at the classical level, but are close enough to each other.
We can nd a solution which describes the propagation of the closed string in time
direction as a spacetime cylinder of the radius R
Xµ = (Rζ0, R cos ζ1, R sin ζ1, 0, ..., 0). (76)
From equations (74) we can nd ρ = R2 and Tab = −mR2 δab, λab = 12Rδab.
3.1 Classical Solution in Physical gauge
To study classical equations from a dierent perspective we shall consider as in [7] only
normal, physical perturbation of the world sheet Xµ(ζ)
~Xµ = Xµ + ξ
iniµ, (77)




µ, the metric and its inverse are:







~hab = hab + 2Kiabξi. The determinant is equal to
~h1/2 = h1/2[1− ξiKiaa ], where








ij = Kiaa K
jb
b −Kiab Kjba . (78)




















we have to nd the perturbation of the normals δniµ = ~n
i




ij . It has been found in [7]






Substituting (80) one can get for the variation
δKiab = rarbξi −Kica Kjcbξj. (81)
The trace of the extrinsic curvature is equal to
δKiaa = raraξi + Kica Kjac ξj (82)









where K2 = Kiaa K
ib
b = K






Let us consider the solution of the last equation in the form of cylinder of the radius R
Xµ = (Rζ0, R cos ζ1, R sin ζ1, 0, ..., 0), (85)
with the normals
nµ1 = (0, cos ζ
1, sin ζ1, 0, ..., 0),
nµ2 = (0, 0, 0, 1, ..., 0),
nµ3 = (0, 0, 0, 0, 1, ..., 0),
...................................
nµD−2 = (0, 0, 0, 0, ..., 1).
(86)
The matrix hab = R













0 , − 1
R
)
, Kiab = 0, i = 2, ..., D − 2, (87)
therefore we simply have Rij = 0 for i, j = 1, ..., D − 2. The expression Kjaa /
p
K2 is a
constant vector for j = 1, ..., D− 2 and our equation (84) is easily satised. This solution
justies the one-loop calculations in a background eld performed in [7]
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